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In this paper, we will prove a spectral mean value theorem for the
ﬁrst Fourier coeﬃcients of GL(3) Maass forms. It is the analogue
of the local Weyl law for GL(3) proved by Lapid and Müller
(2009) [LM] and the sharp upper bound in the global Weyl law for
GL(3) proved by Donnelly (1982) [Do], Miller (2001) [Mi], Müller
(2007) [Mu], Lindenstrauss and Venkatesh (2007) [LV], Lapid and
Müller (2009) [LM], etc.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The Kuznetsov formula for GL(2) is a formula which relates the spectrum of the hyperbolic Lapla-
cian weighted by Fourier coeﬃcients of automorphic forms for GL(2) and sums of Kloosterman sums.
It has been one of the most important tools in the study of GL(2) L-functions, see the expository
paper [IS]. In Goldfeld’s book [Go], we derived a Kuznetsov formula for GL(n) generalizing a method
of Zagier [Za]. In this paper, we will give an application of this formula by proving a spectral mean
value theorem for GL(3).
To state our main theorem, let φ j(z) be an orthonormal basis of Maass forms for Γ := SL(3,Z)
with Fourier expansion (2.1). Let
a∗ :=
{
(λ1, λ2, λ3) ∈ R3
∣∣ 3∑
i=1
λi = 0
}
,
a∗
C
be the complexiﬁcation of a∗ and Λcus(Γ ) ⊆ a∗C be the cuspidal spectrum of the algebra of in-
variant differential operators of SL(3,R), acting in L2(Γ \h3) where h3 := SL(3,R)/SO(3,R). Our main
theorem is the following:
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2396 X. Li / Journal of Number Theory 130 (2010) 2395–2403Theorem 1.1. For μ ∈ ia∗ , T  1, y = diag{y1 y2, y1,1} with y1, y2  100, we have
∑
λ j∈Λcus(Γ )
‖λ j−μ‖T
∣∣W (1,1)j (y)∣∣2  T 2(T + ‖μ‖)3,
where the implied constant depends on y and Γ and W (1,1)j (y) is deﬁned in (2.2).
Note that the above bound is the analogue of the local Weyl law proved by Lapid and Müller
(see [LM, Proposition 4.5]). In particular, for μ = (0,0,0), we have
Corollary 1.1. For T  1, y = diag{y1 y2, y1,1} with y1, y2  100, we have∑
λ j∈Λcus(Γ )
‖λ j‖T
∣∣W (1,1)j (y)∣∣2  T 5,
where the implied constant depends on y and Γ and W (1,1)j (y) is deﬁned in (2.2).
The above upper bound is the analogue of the global Weyl law proved by Donnelly [Do] and
Miller [Mi] (also [Mu,LV,LM]).
Corollary 1.2. For y = diag{y1 y2, y1,1} with y1, y2  100, we have∑
λ j∈Λcus(Γ )
‖λ j−μ‖1
∣∣W (1,1)j (y)∣∣2  1+ ‖μ‖3,
where the implied constant depends on y and Γ and W (1,1)j (y) is deﬁned in (2.2).
Throughout the paper, d∗u means du12 du13 du23 for any u ∈ U3(R) which consists of upper trian-
gular real matrices with 1’s on the diagonal.
2. Backgrounds on automorphic forms for SL(3,Z)
In this section, we follow the notations in [BFG] and [Go]. Let f , g be two automorphic forms
for Γ , we deﬁne the inner product
〈 f , g〉 =
∫
Γ \h3
f (z)g¯(z)
dx12 dx23 dx13 dy1 dy2
(y1 y2)3
,
where
z =
[1 x12 x13
0 1 x23
0 0 1
][ y1 y2 0 0
0 y1 0
0 0 1
](
y21 y2
)− 13 .
With respect to this inner product, the Hilbert space L2(Γ \ h3) decomposes into the direct sum
L2
(
Γ \ h3)= C ⊕ L2Cus(Γ \ h3)⊕ L2Eis(Γ \ h3)⊕ L2Res(Γ \ h3)
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2
Eis is spanned
by integrals of Eisenstein series and L2Res is spanned by integrals of the non-trivial residues of Eisen-
stein series.
Let {φ j} j1 be an orthonormal basis of Maass forms of type ν j in the space of L2Cus(Γ \h3). Due to
Jacquet [Ja], Piatetski-Shapiro [P-S] and Shalika [Sh1,Sh2], each φ j has the following Fourier Whittaker
expansion
φ j(z) =
∑
γ∈U2(Z)\SL(2,Z)
∞∑
m1=1
∑
m2 =0
A j(m1,m2)
m1|m2| × W
∗
J
(
M
(
γ
1
)
z, ν j,ψ1,1
)
, (2.1)
where U2(Z) is the group of 2 × 2 upper triangular matrices with integer entries and ones on the
diagonal, M = diag(m1|m2|,m1,1), W ∗J (Mz, ν j,ψ1,1) is the completed Jacquet–Whittaker function de-
ﬁned by the following
W ∗J
(
z, (ν1, ν2),ψ1,1
)= π 12−3ν1−3ν2Γ(3ν1
2
)
Γ
(
3ν2
2
)
× Γ
(
3ν1 + 3ν2 − 1
2
) ∞∫
−∞
∞∫
−∞
∞∫
−∞
Iν(w3uz)e(−u23 − u12)d∗u
where
w3 =
[0 0 1
0 −1 0
1 0 0
]
, u =
[1 u12 u13
0 1 u23
0 0 1
]
,
and
Iν(z) = yν1+2ν21 y2ν1+ν22 .
Let
W (m1,m2)j (z) :=
A j(m1,m2)
m1|m2| W
∗
J (Mz, ν j,ψ1,1)
=
1∫
0
1∫
0
1∫
0
φ j(uz)e(−m1u23 −m2u12)d∗u. (2.2)
The minimal Eisenstein series associated to the minimal parabolic subgroup
Γ∞ =
{[1 ∗ ∗
1 ∗
1
]
∈ SL(3,Z)
}
is deﬁned as
E(z; s1, s2) =
∑
γ∈Γ \Γ
y2s1+s21 y
s1+2s2
2
∣∣[γ ].
∞
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value 14 + t2j . The two maximal parabolic Eisenstein series associated to u j are
E j(z; s) :=
∑
γ∈P2,1\Γ
(
y21 y2
)s
u j(x12 + iy2)
∣∣[γ ],
E˜ j(z; s) :=
∑
γ∈P1,2\Γ
(
y21 y2
)s
u j(x12 + iy2)
∣∣[γ ],
where
f (z)|[γ ] = f (γ z)
for any f :h3 → C,
P2,1 =
{[∗ ∗ ∗
∗ ∗ ∗
0 0 1
]
∈ Γ
}
and
P1,2 =
{[1 ∗ ∗
0 ∗ ∗
0 ∗ ∗
]
∈ Γ
}
.
The space L2Eis is spanned by integrals of E(z; s1, s2) and E j(z; s). L2Res is one-dimensional with basis
a suitable integral of Ress1= 23 E(z; s1, s2). Corresponding to (2.2), let
E((m1,m2), s1, s2)
m1|m2| W
∗
J
(
Mz, (s1, s2),ψ1,1
)
=
1∫
0
1∫
0
1∫
0
E(uz; s1, s2)e(−m1u23 −m2u12)d∗u, (2.3)
E j((m1,m2), s)
m1|m2| W
∗
J (Mz, s,ψ1,1) =
1∫
0
1∫
0
1∫
0
E j(uz; s)e(−m1u23 −m2u12)d∗u. (2.4)
For w in the Weyl group W3, the SL(3,Z) Kloosterman sum is deﬁned by
Sw
(
ψM ,ψ
v
N ; c
) := ∑
γ∈U3(Z)\Γ ∩Gw/Γw
γ=b1cwb2
ψM(b1)ψ
v
N(b2) (2.5)
where
c =
[1/c2
c2/c1
c1
]
,
Gw = U3(R)cwU3(R), Γw =
(
w−1tU3(Z)w
)∩ U3(Z)
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ψM(u) = e(m1u23 +m2u12), ψ vN(u) = ψN(vuv)
with
v ∈ V3 :=
{
diag(v1, v2, v3)
∣∣ vi = ±1, 1 i  3, v1v2v3 = 1}.
The Iwasawa decomposition G = SL3(R) = NAK states that every element g ∈ G can be uniquely fac-
tored as g = nak, where
n ∈ N =
{[1 ∗ ∗
1 ∗
1
]
∈ G
}
,
a ∈ A =
{[a1
a2
a3
]
∈ G, ai > 0, 1 i  3, a1a2a3 = 1
}
and
k ∈ K = SO3(R).
The Lie algebra
a0 =
{
h =
[h1
h2
h3
] ∣∣ h1,h2,h3 ∈ R, h1 + h2 + h3 = 0
}
.
It has simple roots α1,α2 ∈ a∗0, which are the following linear functions on a0:
α1(h) = h1 − h2, α2(h) = h2 − h3.
There is also a third root α3 = α1 +α2. In a∗0, there is a special vector ρ which is half the sum of the
positive roots, i.e., ρ = α1+α2+α32 . One can deﬁne the logarithm map H :G → a0 such that
a = eH(a)
for any a ∈ A. For any g ∈ G , λ ∈ a∗
C
, the elementary spherical function φ˜λ is given by Harish-Chandra’s
formula
φ˜λ(g) :=
∫
K
e(λ+ρ)(H(kg)) dk.
For k ∈ C∞c (SO(3,R) \ SL(3,R)/SO(3,R)),
kˆ(λ) =
∫
SL(3,R)/SO(3,R)
k(g)e(λ+ρ)(H(g)) dg.
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k(g) =
∫
ia∗0
kˆ(λ)φ˜λ(g)β(λ)dλ,
here
β(λ) = ∣∣c(λ)c(ρ)−1∣∣−2
with
c(λ)−1 =
∏
1i< j3
G(λi − λ j),
and
G(s) = ΓR(s + 1)
ΓR(s)
, ΓR(s) = π− s2 Γ
(
s
2
)
.
For λ ∈ ia∗ , by Stirling’s formula,
β(λ) = O (1+ ‖λ‖3). (2.6)
Let
U¯ w(R) :=
(
w−1tU3(R)w
)∩ U3(R)
and
Uw(R) := w−1U3(R)w ∩ U3(R),
we have the following Kuznetsov formula for Γ :
Theorem 2.1. For k ∈ C∞c (SO(3,R) \ SL(3,R)/SO(3,R)), M = (m1,m2) and N = (n1,n2) in Z2 satisfying
m1m2n1n2 = 0, y = diag(y1 y2, y1,1), we have
∑
j1
kˆ(λ j)
A j(N)A j(M)∏2
i,k=1 |Ni|
i(3−i)
2 |Mk| k(3−k)2
∣∣W ∗J (y, ν j)∣∣2
+ 1
2π
∑
j1
∫
s= 12
kˆ(s)
E j(N, s)E¯ j(M, s)∏2
i,k=1 |Ni|
i(3−i)
2 |Mk| k(3−k)2
∣∣W ∗J (y, s)∣∣2 ds
+ 1
16π2
∫
s1= 13
∫
s2= 13
kˆ(s1, s2)
E(N, s1, s2)E¯(M, s1, s2)∏2
i,k=1 |Ni|
i(3−i)
2 |Mk| k(3−k)2
∣∣W ∗J (y, s1, s2)∣∣2 ds1 ds2
=
∑
w∈W
∑
v∈V
∑
c 1
∑
c 1
Sw
(
ψM ,ψ
v
N ; c
)
J w
(
y,ψM ,ψ
v
N ; c
)
,3 3 1 2
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Jw :=
∫
Uw (Z)\Uw (R)
∫
U¯ w (R)
∫
x∈U3(R)
k
(
y−1x−1cwuxy
)
ψM(x)ψ vN(u)d
∗xd∗u.
All the other notations are deﬁned before the theorem.
Note that the integrals J w are explicitly computed in [BFG] which we will use heavily in the next
section.
Proof. See [Go, pp. 354–361]. 
3. Proof of the main theorem
As Lemmas 6.3 and 6.7 in [DKV], one can construct a function kμ,t ∈ C∞c (K \ G/K ) with a small
but ﬁxed support independently of μ, t such that kˆμ,t(ζ ) is nonnegative on the joint spectrum,
 1 for ‖ζ −μ‖ t , and kˆμ,t(ζ )  tm(1+‖ζ −μ‖)−m for any positive integer m. Therefore by Harish-
Chandra’s inversion formula
kμ,t(z) =
∫
ia∗0
kˆμ,t(λ)φ˜λ(z)β(λ)dλ
 t2(t3 + ‖μ‖3) (3.1)
due to (2.6) and the fact
∣∣φ˜λ(z)∣∣ 1.
To prove Theorem 1.1, we are going to apply the Kuznetsov formula, i.e., Theorem 2.1 for
N = M = (1,1). (3.2)
In the following, we will analyze the contribution from each Weyl element on the right side of the
Kuznetsov formula. Recall
J w =
∫
x∈U3(R)
∫
Uw (Z)\Uw (R)
∫
U¯ w (R)
kμ,t
(
y−1x−1cwuy
)
(3.3)
× e(x12 + x23)e(±u23 ± u12)d∗u d∗x.
1). For
w =
[1
1
1
]
,
Sw
(
ψM ,ψ
v
N ; c
)= δc1,1δc2,1.
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J w =
∫
x∈U3(R)
kμ,t
(
y−1x−1 y
)
e(y2x23 + y1x12)d∗x.
By changing variables x12 → x12 y2, x23 → x23 y1, x13 → x13 y1 y2, J w becomes
y21 y
2
2
∫
x∈U3(R)
kμ,t
(
x−1
)
e(x23 + x12)d∗x
which is bounded by y21 y
2
2t
2(t3 + ‖μ‖3) due to (3.1) and the fact that kμ,t is compactly supported.
2). For
w =
[0 0 1
1 0 0
0 1 0
]
,
in (3.3),
y−1x−1cwuy =
[∗ ∗ ∗
∗ ∗ ∗
∗ c1 y1 c1u23
]
.
For c1  1 and y1  100, we have c1 y1  100. Since kμ,t has a small support, J w = 0.
3). For
w =
[0 0 1
0 1 0
1 0 0
]
or
[0 1 0
0 0 1
1 0 0
]
,
in (3.3),
y−1x−1cwuy =
[ ∗ ∗ ∗
∗ ∗ ∗
c1 y1 y2 ∗ ∗
]
.
For c1  1 and y1, y2  100, we have c1 y1 y2  100. Since kμ,t has a small support, J w = 0.
4). For
w =
[0 1 0
1 0 0
0 0 1
]
,
in this case, it is shown in [BFG] on p. 62 that J w = 0 unless N = (0,n2) and M = (0,m2). Similarly
for
w =
[1 0 0
0 0 1
0 1 0
]
,
it is shown in [BFG] on p. 62 that J w = 0 unless N = (n1,0) and M = (m1,0). Since in our case
N = M = (1,1) (recall (3.2)), we have J w = 0.
This ﬁnishes the proof of Theorem 1.1, and hence Corollary 1.2.
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